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Supplementary Materials
Tc HE CONCEPT OF SC FITNESS AND THE EFFEC
SCATTERING RATE
For the derivation of Eq. 4 in the main text, we follow the standard treatment for the determination of the critical temperature for superconductors in the presence of impurities [11] . We start with the Bogoliubov-de Gennes Hamiltonian:
written in terms of a multi-DOF Nambu spinor Ψ † k = (Φ † k , Φ T −k ), encoding several degrees of freedom (DOF) within Φ † k = (c † 1k↑ , c † 1k↓ , ..., c † nk↑ , c † nk↓ ), as defined in the main text. Herê H 0 (k) is the normal-state Hamiltonian and∆(k) the superconducting order parameter (both are 2n × 2n matrices).
From this matrix Hamiltonian one can define the Green's function (GF) for the clean system asĜ 0 w (k) = iωÎ 4n −Ĥ BdG (k) −1
(2) whereÎ 4n is the 4n-dimensional identity matrix and 2n is the number of internal DOF, which are doubled in the Nambu basis.
TIVE
The effects of impurities can be accounted for by the introduction of a scattering potential, which can be generally introduced aŝ
with the Pauli matricesρ i encoding the Nambu space, andV p,h (k−k ′ ) are scattering matrices acting on particle (p) and hole (h) spaces.
For the specific case of CPSBS, we can write the explicit form of the scattering potential in the Nambu basis aŝ
As defined in the main text,τ i andσ i encode the orbital and spin DOF, respectively. V a (k − k ′ ) is the Fourier transform of the potential scattering introduced by distinct sets of localized random impurities in real space. Here a = {0, s} indicates nonmagnetic and magnetic impurity scattering, respectively, S corresponds to the spin of the magnetic impurities and σ to the spin of the scatterred electrons.
Introducing a given realization of impurities in principle removes the translational invariance present in the clean system, but after averaging over random impurity locations the GF recovers translational invariance and one can then propose as ansatz the following renormalized GFĜ
whereH BdG (k) =Ĥ BdG (k)|∆ (k)→∆(k) , with the renormalized gap matrix∆(k). The two renormalized parameters,ω and∆(k), are determined self-consistently by the introduction of a self energyΣ w (k) associated with the effects of impurity scattering
The self energy is calculated within the Born approximation aŝ
where n i is the impurity concentration.
Here we assume a weak coupling scenario with only one of the bands crossing the Fermi energy, characterized by an energy dispersion ξ k , despite the multi-orbital character of the problem of interest. Once superconductivity sets in there are two energy branches given by E ± k = ±E k (corresponding to the specific E ±,− (k) functions discussed in Section S3). The weak coupling assumption allows us to focus on the single band crossing the Fermi level and neglect inter-band couplings. Within this framework, the renormalized parametersω and ∆ 0 (the magnitude of the gap, from here on assumed to be momentum independent) follow the coupled equationsω = ω + 1 2
in which we can identify the normalized fitness functionF C (k) =F C (k)/∆ 0 , defined aŝ
withV p (k − k ′ ) acting only in particle space, as defined above and in Eq. 8 in the main text.
For the equations above we further define the standard scattering rates
where N (0) is the density of states at the Fermi energy in the normal state, S is the magnitude of the spin of the impurities, and D B (θ) is the gap projected in the band crossing the Fermi level (as defined in Section S3 below). Note that within this notation the selfconsistent equations above essentially take the form of the standard single-band scenario.
The effects of impurities on the critical temperature can be evaluated from the linearized gap equation. For that, the ratio u =ω/∆ 0 is a useful parameter. From Eqs. 9 and 10 above, one can write the ratio ω/∆ 0 in terms of u as
where we already identified the effective scattering rate
Note that if Γ Eff = 0 we findω ∆ 0 = ω ∆ 0 , such that there is no renormalization of the parameters defining the critical temperature and therefore T c is not suppressed.
Let us now evaluate the the critical temperature explicitly. In the absence of impurities, we can determine the critical temperature T 0 c from the self-consistent equation
where v is the pairing strength, k B the Boltzmann constant, T the temperature, and n an index for the Matsubara frequencies ω n = (2n + 1)πk B T . Writing the GF explicitly, one finds the familiar form for a momentum-independent gap function
within the assumption that a single band, characterized by a dispersion ξ k , crosses the Fermi level. This form leads to the equation defining the critical temperature
after taking the sum over momenta to an integral over energy by the introduction of a density of states N (ξ). Here γ is the Euler's constant and ω D is the energy cutoff around the FS within which there is pairing.
The gap equation in the presence of impurities become
with renormalized parameters on the right hand side. Taking a constant DOS near the FS, one may rewrite it to
The relabeling x = ξ/ ω 2 n +∆ 2 0 leads to
where in the last step we used that arctan(...) → π/2 for large arguments.
At this point it is illuminating to rewrite this equation in terms of the ratio u n =ω n /∆ 0
From the self-consistent equations above, we already identified the ratio ω n /∆ 0 in Eq.
13. Close to T c , with ∆ 0 → 0, we can rewrite this ratio in the Matsubara frequency notation as
and the gap equation becomes
Writing the Matsubara frequencies explicitly, one obtains
where
Given the identity of the pure system from Eq. 17, we can write n>0
By adding it to Eq. 27 above, one obtains
where we can identify the digamma function
We can finally obtain
where, again,
is the effective scattering rate, written as a universal form in terms of the superconducting
We would like to highlight that, even for arbitrarily large τ 1 and τ 2 in the normal state, if (k) = 0 the effective scattering rate Γ Eff = 0 such that there is no renormalization of the ratio ω/∆ 0 and therefore no suppression of the critical temperature. 
the Hamiltonian can be parametrized as:Ĥ
whereτ a=1,2,3 are Pauli matrices encoding the orbital degrees of freedom (DOF),σ b=1,2,3
are Pauli matrices encoding the spin DOF, andτ 0 andσ 0 are two-dimensional identity matrices in orbital and spin space, respectively. In the presence of time-reversal and inversion symmetries, the only allowed terms in the Hamiltonian have the subscripts (a, b) = {(0, 0), (2, 0), (3, 0), (1, 1), (1, 2), (1, 3)}. Note that the time-reveral operator in our representation isΘ = Kτ 0 ⊗ (iσ 2 ), where K stands for complex conjugation, and the parity operator isP =τ 3 ⊗σ 0 . The properties of theτ a ⊗σ b matrices under the point group operations allow us to associate each of these terms to a given irreducible representation of D 3d , therefore constraining the momentum dependence of the form factors h ab (k) by symmetry. Here we take as generators the rotation along the z-axis by 2π/3,Ĉ 3 =τ 0 ⊗ e iπσ 3 /3 , and a rotation by π along the x-axis,Ĉ ′ 2 = iτ 3 ⊗σ 1 . It is also useful to define the yz-mirror transformation σ d = iτ 0 ⊗σ 2 in order to connect with the discussion for C 2h symmetry below. Table S1 provides the details on the properties of each term in the normal-state Hamiltonian and an expansion of h ab (k) for small momenta.
Note that the three first terms in Table S1 are spin-independent: (0, 0) and (3, 0) are even and associated with intra-orbital hopping, while (2, 0) is odd and encodes inter-orbital hopping. The last three terms are spin-dependent and inter-orbital in character, therefore all odd. The terms (1, 1) and (1, 2) are for a two-dimensional (2D) representation. The term (1, 3) is associated with trigonal warping of the Fermi surface and is usually dropped from the effective Hamiltonians since these carry at least terms of third order in momenta.
For the chosen basis above, trigonal warping would only appear due to inter-layer hopping and would require terms of fifth order in momenta. On phenomenological grounds, the coefficients C 1 , B 0 , and M 1 for CPSBS are smaller than the ones used for doped Bi 2 Se 3 materials. As a consequence the Fermi surface for CPSBS is cylindrical (2D Fermi surface)
[40], while the Fermi surface for doped Bi 2 Se 3 materials can be either ellipsoidal (3D) or cylindrical (2D).
THE ORDER PARAMETERS FOR MATERIALS IN THE FAMILY OF Bi Se
The different gap matrices can be parametrized in a similar way. As motivated in the main text, here we already focus on isotropic, momentum-independent, gap matriceŝ
The allowed momentum-independent gap matrices can be determined by first searching for matrices satisfying∆ = −∆ T , following from the fermionic nature of the electrons forming the Cooper pair. This condition implies that the matrices [τ a ⊗σ b (iσ 2 )] associated with the order parameters need to be anti-symmetric. There are six such matrices. Furthermore, one can evaluate how these transform under the point-group symmetry operations defined above for the normal state, such that we can associate these with different irreducible representations of D 3d . The result of this analysis is displayed in Table S2 .
These order parameters are constructed in the orbital basis, so one needs to transform these to the band basis in order to discuss the presence of nodes and their locations. Starting with the normal-state HamiltonianĤ 0 (k) in the orbital basis, one can always find a unitary transformationÛ (k) which diagonalizes the problem, taking it to the band basis:
The unitary transformation can be explicitly written aŝ 
where h v = |h|, with h = (h 20 , h 30 , h 11 , h 12 , h 13 ) a five-dimensional vector and
Here we suppressed the momentum dependences in the parameters h ab for clarity.
This transformation givesĤ
Note that the states are doubly degenerate, given the presence of time-reversal and inversion symmetries. Here we factor out (iσ 2 ) so that one can directly relate b = 0 to a singlet state and b = {1, 2, 3} with the {x, y, z} components of the d-vector parametrization for triplet states.
Irrep Spin Orbital Parity Matrix Form Explicit Form
If we are interested in the superconducting properties in the band basis, we can use the same unitary transformation to rotate the order parameter matrix
from which we can infer the structure of the gap. For the specific case of the E u order parameter realized in CPSBS, which has the following form in the orbital basiŝ
we can rotate it to the band basis to find 
where h p = h 2 11 + h 2 12 + h 2 13 + h 2 20 . Here, again, we suppressed the k-dependences of the h ab functions for clarity, but they are in fact k-dependent as shown in Table S1 .
Note that the gap matrix in the band basis has now both intra-band components (diagonal blocks) and inter-band components (off-diagonal blocks), so one cannot generally think of a simple gap structure at the Fermi level. In this band basis, it is interesting to note that the gap matrix has contributions from both the upper and lower parts of the gapped Dirac cone (note the relative sign of the diagonal blocks), and the gap magnitude for this E u order parameter depends on h 12 (k) ∼ A 0 k x and h 20 (k) ∼ B 0 k z . These form factors determine the presence and position of the nodes, which in this case lies on the y-axis.
At this point we believe it is more enlightening to look directly at the eigenvalues of the
Bogoliubov-de Gennes Hamiltonian
whereĤ 0 (k) is the normal-state Hamiltonian and∆ = ∆ 0 [τ c ⊗σ d (iσ 2 )], with different irreducible representations associated with different subscripts (c, d), as listed in Table S2 .
Here ∆ 0 is the magnitude of the order parameter. The eigenvalues are explicitly written as
where the function
is written in terms of the normalized superconducting fitness functionF 0
which is different for each order parameter presented in Table S2 .
Note that the normal-state Fermi surface satisfies E ± 0 (k) = 0, or better h 2 00 (k) = h 2 (k), such that the energy spectra in the superconducting state at the momenta belonging to the normal-state Fermi surface can be written as
If we now expand for small ∆ 0 , we find
such that
and
The last equation corresponds to the low lying states in the superconducting phase, such that we can define the gap structure in the band basis as the function
This definition is in direct analogy to the single band problem in which the dispersion in the normal state is ǫ(k), and in the superconducting state is E ± (k) = ± ǫ 2 (k) + ∆ 2 .
Hence we can identify the gap by taking ǫ(k) = 0, or E + (k)| F S − E − (k)| F S = 2|∆|. This form indicates that there can be nodes in the spectra of CPSBS given the nontrivial form factors originated from the normal-state HamiltonianĤ 0 (k), even though the gap in the orbital basis is isotropic. Note that the fitness functionF 0 C (k) appears again in this context, proving its importance for the understanding of the phenomenology of superconducting states in complex materials.
From the equation above, it is clear that the condition for the presence of nodes is
We evaluate this quantity for all order parameters listed in Table S2 in order to infer the presence of nodes and their positions for each case. The results are summarized in Table S3 .
Note that the position of the nodes is determined purely by the parameters h ab (k) given in the normal-state Hamiltonian.
ANALYSIS FOR C 2h SYMMETRY
For the specific case of CPSBS, the (PbSe) 5 layers actually have square symmetry, such that the entire structure has the reduced point group symmetry C 2h . This is represented by the gray rectangle in Fig. 1(a) in the main text. NowĈ 3 is not a symmetry transformation anymore, butĈ ′ 2 andσ d are still valid symmetry operations which allow us to generate the character table for the reduced group. Given the presence of parity and time-reversal symmetries, the only terms allowed inĤ 0 (k) are the same as the ones enumerated for the case of D 3d symmetry, but now these are mapped to different irreducible representations as follows: A 1g/u → A g/u , A 2g/u → B g/u , E g/u → {A g/u , B g/u }. The last correspondence means that the two dimensional irreducible representations of D 3d are split in C 2h . The consequence for the normal state is that the parameter A 0 does not need to be the same for the (1, 1) and (1, 2) terms (see Table S1 ). The same correspondences are valid for the order parameters listed in Table S2 . Note that there are only one-dimensional representations in C 2h , and therefore the notion of nematic states, strictly speaking, does not apply.
Still concerning the order parameters, the reduction of the point group symmetry in principle allows for new kinds of superpositions. Note that A 1u and the second component of E u listed in Table S2 both map into A u in C 2h . Also, A 2u and the first component of E u listed in Table S2 both map into B u in C 2h . Focusing on the best candidate order parameter, the first component of E u ∼ [iτ 2 ⊗σ 1 (iσ 2 )] with nodes along the y-direction, we note that this order parameter is anti-symmetric in orbital and symmetric in the spin DOF. In contrast, the order parameter in A 2u ∼ [τ 1 ⊗σ 0 (iσ 2 )], is symmetric in orbital and antisymmetric in spin DOF. Given their different orbital and spin character, the mixing of these two order parameters does not happen. Furthermore, there is no term in the normal-state Hamiltonian which is antisymmetric in both orbital and spin content to allow for mixing of these two states. In conclusion, if the leading instability is associated with E u ∼ [iτ 2 ⊗σ 1 (iσ 2 )], we expect the nodes to be preserved even if the symmetry is lowered to C 2h .
DRUDE ANALYSIS OF THE SCATTERING RATES IN Bi 2 3
The estimates of the scattering rates are performed for Cu x Bi 2 Se 3 , Sr x Bi 2 Se 3 , and Nb x Bi 2 Se 3 in the same manner as was done for CPSBS by taking materials parameters from the literature. 
PHONONIC CONTRIBUTION TO THE THERMAL CONDUCTIVITY
For completeness, we discuss the phononic contribution in κ. As shown in Fig. S1(a b ph values signify a difference in the phonon mean free path ℓ ph in the boundary scattering regime. The κ ph in this regime is described by κ ph = 1 3 β ph T 3 v s ℓ ph /V mol , where v s is the sound velocity. Using κ ph /T 3 = b ph ≈ 370 (180) mW/K 4 m for sample I (II), β ph ≈ 5 mJ/molK 4 from the c p data, and v s ≈ 1400 m/s from the Debye model, we estimate ℓ ph ≈ 19 (11) µm. These values are much shorter than the effective sample size approximated by w * = (4wt/π) 1/2 = 1.1 (0.72) mm (w and t are the width and the thickness of the sample).
This suggests that there are some internal defect structures which limit the phonon mean free path in our CPSBS samples. At the temperature range above the boundary scattering regime, the T -dependence of κ ph allows one to infer the dominant scatterers. Our analysis shows that the leading T -dependent term in ℓ ph is the T −2 term [ Fig. S1(b) ]. Such a term is primarily caused by scattering off stacking faults, which may well exist in a homologousseries material such as CPSBS.
